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On  the  Adiabatlc  Theorem  in  ^^uantum  Theory 

by 
K.  0,  Friedrichs 
Part  II 

Degenerate  /Ldiabatlc  Transition 

In  the  first  part  of  this  report  a  general  treatraent  of 
the  adiabatlc  theorera  in  quantum  theory  Tias  ^':;-,iven.   It  vias 
shown  that  this  theorem  coulcl  be  derived  from  an  asyin'ototic 
expansion  of  the  solution  of  the  Schr'Adinger  equation.   This 
expansion  proceeds  in  close  analogy  'rith  the  expansion  of  a 
solution  of  an  ordinar-y  differential  equation. 

Tlie  Schrbdinger  equ.ation  considered  is  the  equation 

i  Vt  T  =  H(t,r)T 

for  a  unitary  operator  T  which  reduces  to  the  identity  for 

t  =  t  ,   The  Plamiltonian  K  depends  on  the  time  t  and,  in 

addition,  on  a  slovmess  parameter  Z",  see  part  I,  lection  1, 

The  initial  time  t„  and  the  end  time  t,  are  to  depend  on  the 

o  1  ^ 

pararaeter  t  in  such  a  x.^ay  that  t-,  -  t  — o  oo  as  'JT-— >  co. 

This  problem  iras  treated  in  Part  I  under  the  assumption 
that  the  eigenvalues  of  the  Hamiltonian  PI  stay  apart  during 
the  transition  period  t   ^  t  =  t,  ,   The  asymptotic  expansion 

O  -L 

procedure  that  was  used  depends  essentially  on  this  assurap- 
tion. 

In  the  present  report.  Part  II,  we  shall  der;crlbe  what 


2. 


happens  if  this  assumption  is  viol:'ted,  specifically,  if  two 
eigenvalues  of  the  Hariiiltonian  coalesce  at  some  time  during 
the  process. 

V/e  speak  of  c'ep;en3rate  transition  if  at  some  time  t 
during  the  transition  process  txjo  eigenvalues  of  the  Hamil- 
tonian  H(t,t')  coalesce.   As  was  mentioned  in  the  introduction 
to  Part  I,  the  adiabatic  theorem,  remains  v.i'.lid  in  such  a  case. 


but  the  probability  P^^Qj-^.^d  that  the  transition  is  not  adi- 
abatlc  may  be  of  an  order  >  0(f   )  in  the  tr'':nsition  time 
t^  -  t  =  '^,  whereas  it  is  of  the  order  0(f)  if  the  transi- 
tion is  not  adiabatic.   The  estimate  ?J-''j^ov,-ad  —  OCt"  )  ^.'as 
already  given  by  Born  and  Fock  in  1926, 

Our  aim  is  to  describe  the  situation  more  precisel3r. 
In  order  to  determine  the  leading  term  of  the  asyraptotic 
expansion  of  the  solution  T  we  can  no  longer  rely  on  standard 
methods,   A  close  analysis  shovrs  that  the  degeneracy  corres- 
ponds exactly  to  the  occurrence  of  a  "  turning  point"  in  the 
terminology  of  the  asymptotic  theory  of  ordinary  differential 
equations.   The  turning  point  encountered  here  is  of  a  type 
which  is  somewhat  dif.erent  than t hat   customarily  treated; 
in  fact,  it  is  of  a  somewhat  simpler  type.   It  is  not  diffi- 
cult to  obtain  the  forraulas  for  the  trmisition  across  such  a 
turning  point. 

As  a  result,  araong  others,  T:e  obtain  the  leading  term  in 

the  expansion  of  the  probability  Pr     ,  with  respect  to  t, 

■^         "^    non-ad         ^  * 
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and    sliov;  that   in  general    this   tern  is   actually   of   the    oi'^der 

o(  "•^). 

It  is  possible  to  give  a  s  ioiple  description  of  the 
character  of  this  leading  term  of  pr      ,,   Consider  the 
tijo  eij^envectors — or  principal  axes  — of  the  Harn.iltonian  whose 
eigenvalues  will  coalesce  at  some  time.   Denote  by  ^   the 
angle  these  principal  axes  make  with  a  reference  position-- 
a  more  precise  definition  of  (j)  will  be  given  at  the  end  of 
this  section — and  by  /\  E  the  difference  of  the  tvjo  eigen- 
values of  the  Hamiltonian,   The  leading  term  of  Pr      ,  is 

-^ non-ad  — 

then  given  b^^  the  simple  formula 

U)      Pr„o„.,,  ~  2-  i  3Z^  =  2.(^f/ #  . 

in  vihich  the  derivatives  are  to  be  evaluated  at  the  time  at 
which  the  two  eigenvalues  coalesce.   Since  dcj)/dt  is  of  the 

order  OCt"  )  the  same  is  true  of  Pr  ^   „,  if  its  "leading 

IT.  o  n  ^  ^  CI 

term",  the  right  member  of  (1),  does  not  vanish,  I'e  observe 
that  this  terrtn  does  vanish  if,  at  the  time  of  coalescence, 
the  rotating  principal  axes  are  instantaneously  at  rest  rela- 
tive to  each  other. 

On  the  other  hand  vre  see  that  the  transition  differs 
noticeably  from  an  gdiabatic  one  if  the  principal  axes  rotate 
fast  relative  to  each  other,  while  the  difference  /\E  of  the 
two  eigenvalues  varies  relatively  slowly. 


We   confine   ourselves    to   the   cafre    in  which  the  Hilbert 
space   of  states    is    tvjo-dimensional.      It  nay  be   asnijined   that 
the   results    are   typical.     Accordingly,    the   state  ^  nay  be 
given   as   a  column  ^   of  tx>ro   coniT'-'Onents   ii/,,    i|/p 

(2)  ^1/   =    |il/-L,    ^2.] 

and    the  Hamiltonian   as    a  coinplex  valued   two-by-tT70  matrix 

UI22      H22J 

Ue  assume  that  the  matrix  H  depends  on  the  time  t  and 
a  parameter  t^ 

ik)  H  =  H(t,r),   for  tg^  <  t  <  t^  and  "^  >  0, 

in  such  way  that 

(5)  H(t^,r)  =  H^,   H(t^,Y)  =  H^, 

where  the  matrices  H  and  Hr^  are  given,  independently  of 
t  ,  t,  and  t.  Vie  further  assume  that  the  tines  t  and  t, 
depend  on  each  other  in  such  a  way  that 

(6)  '^=%'\' 

We  here  deviate  fron  our  previous  notation  of  denoting  the 
initial  time  by  t=  0  primarily  because  we  want  to  reserve 
the  value  t  =  0  for  the  time  at  vihich  the  two  eigenvalues  of 
H(t,f)  coalesce. 

Our  problem  now  is  to  describe  asymptotically  in   the 
particular  solution  T(t,t-)  =  g_T(t,"?')  of  the  Schrodinger 
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equation 

(7)        iVtT(t,t-)  =  H(t,^)T(t,^), 

which  reduces  to  the  identity  for  t  =  t^ 

(8)  a^'^^'"^^  =  ^• 

Me   s.ssurae   that    the  matrix  H(T,t:)    is  given  as 

(9)  H(t,^)  =  H.^/^ 

in  terms  of  a  matrix  Ho  uhich  depends  analytically  on  a 
variable  s  in  the  neighborhood  of  the  interval 

(10)  a  <  s  <  b. 
Initial  and  end  time  are  then  given  by 

(11)  ^a='^^'  %=^l^, 

In  terms  of  the  variable  s  we  ^^rrite  the  Schr'6dinger  equation 
in  the  form 

r 

(12)  iV3*s=Vs 

without  imposing  an  initial  condition  for  s  = a.   If 

\j;  =  \j/  (f-)  is  a  solution  which  possesses  an  inverse  we  obtain 
s    s 

the  3chr'4dinger  matrix 

(13)  T(t,^)  =  T^/^(t) 
fx'om  the  relation 


■':n 
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In  particular  we  are  interested  in  the  matrix 

(llf)l,  ^-  AT)    =  ^   (t)  ^'l^i^), 

b       b 

VJhich  describes  the  transition  fror.i  the  initial  tine  t   to 

a 

the  end  time  t,  , 

D 

Equation  (12)  is  nothing  but  a  system  of  tvro  ordinary 
differential  equation.^  of  the  second  order.   The  theory  of 
asymptotic  expansions  of  solutions  of  such  equations  has 
been  completely  developed  in  the  v;ork  of  Horn,  Birlchoff,  and 
others,  provided  the  eigenvalues  cf  the  matrix  H  are  dis- 
tinct.   In  the  present  problem,  hox-rever,  vre  x.-ant  to  make  the 
assumption  that  the  two  eigenvalues  coalesce  at  a  certain 
point. 

Specifically,  ••re  vrant  to  require  that  the  two  eigen- 
values h„  and  h**  of  the  matrix  h    coalesce  at  s  =  0, 
a      3  _     s  ' 

(1^)  ^o  =  ^;  ' 

and   differ  for   s  4  0,     VJe    assume'"'   that   the    labels   i  may  be 

—      + 

assigned  to  them  in  such  a  ;;ay  that  the  functions  h  and  h_ 

s  s 

are   analytic   even  at   s=0,     VJe   further  assurae 

(16)  V3h^  +  v^h; . 

The  point  s  =  0  is  a  "turning  point"  for  equation  (12) 
since  the  Otokes  phenomenon  occurs  xrhen  this  point  is  en- 
circled in  the  s-plane.   That  means,  the  analytic  character 

Actually,  the  existence  of  such  analytic  functions  follow 
from  the  assumed  analytlcity  of  H_  by  Rellich's  theorem 
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of  the  asjmiptotic  expansion  of  solutions  changes  upon  cros- 
sing certain  lines,  "ntokes  lines",  is-uing  frora  this  point. 

Suppose  one  chooses  a  solution  \|/  with  a  knoxm  asympto- 
tic  expansion  *  ich  is  valid  as  a  <  s  <  0.   Then  it  is  nec- 
essary to  deterwine  the  asymptotic  behavior  of  this  function 
^      in  the  interval  0  <  s  <  b  in  order  to  be  able  to  give  an 
asyraptotic  description  of  the  matrix  T,  =  ^■^ii~    ,    cf,  (la),  , 
In  other  vjords,  it  is  necessary  to  solve  the  problem  of 
"continuation"  of  the  asymptotic  expansion  through  the  turn- 
ing point. 

To  this  end  it  is  first  necessary  to  Introduce  solutions 
^  which  have  standard  asymptotic  expansions  in  appropriate 
neighborhoods  of  the  point  s=0.   To  do  this  it  is  advisable 
to  bring  the  matrix  H   into  diagonal  form, 

S  "  "  "  '   ■ '  '    '  '  ■ 

Evidently,  the  Hermitian  matrix  K^  can  be  written  in  the 
form 

\-"''^^sin  2*    -^°^  2^3 

vjlth  appropriate  real  valued  functions  cj)  andv^^,  ]:e   assume 
that  functions  i   and  y^_  exist  which  are  analytic  in  s  for 
s,  <  s  <  s   such  that  (17)  holds,  V^ith  the  aid  of  the  unitary 
matrix 
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(18)  Ug  = 


e    cos  (|)      e    sxn  9 


-e     sin  h  e     cos  (|)  /  , 


and  its  adjoint  and  inverse 


s 

(13)"    u:  =  ' 


-lYj„  -i^„ 

'  s     1         ^  s  .   I 
e    cos  (})    -e     sm  9^ 


s  ^s, 


e    sin  i      e     cos  (f)  /  , 


the  raatrix  H     can    then  be    tr"?-nsforraed   into   the    diagonal  matrix 


(19)  -0-3  =  =  ^^s^,    . 


Since  the  matrix  U  here  diagonalizes  the  matrix  H_, 

s  s 

the  role  of  the  matrix  U  introduced  in  Section  2,  which 

transformed  K  into  H  •   The  essential  difference  in  the 
s       o 

final  formulas  is  thtt  noi:  not  necessarily  U^  =  1.   Of  course. 

Vie   could   achieve  U^   =   1  by  assTirulng  H      to  be   diagonal   to 

a  a 

being  with. 

Prom  the   discuscions   in  Section  k  we   loiov;   that  the  matrix 
KU   ,   defined  by    (1-|.,1)    plays   an  im.portant  role,     VJe   find 

(20)  KU^   =   1U^3U3 


=  ^sK 


cos   2i  -sin  2i 

S  o 


^-sin  2(j)g  -cos   2(|)    /  , 


9. 


In  accordance  v/ith  the  theory  of  Gection  7,  U   should  be  re- 
placed by  a  matrix  VJ   for  vjhich  IW  has  no  diagonal  terras. 
In  order  to  eliminate  the  diagonal  terms  x-re  introduce  a  real 
number  E„   such  that 

(21)  Vs?s    =    -    V3>q3   COS    2(1.3     • 

Then  we  set 


'exp 


(22)         V!^  =  U3 


For  their  matrix  VJ  ,  evidently. 


(23)        K3  =  lajg 


-^^ 


when  we  set 


(2l|)      v^  =  [Vs'f's  +iVs>?s  si^^cl)^]  exp  {+21^3]. 

Obviously,  the  matrix  H  is  transformed  into  the 


s  s 


by  Vj      just   as  vfell  as   by  U    » 
s  s 

A  few  remarks  may  be  made  about  the  significance  of 

the  quantities  v",   Uhile  the  quantities  <l5_  ,'\7'o'f'o*  ^^^  'xTho 
depend  on  the  representation  employed  to  represent  the  state 
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hy   a  column  of  tvjo  numbers  \|/  =  ^j^,^^J2    *  ^he  quantities  v^ 

are  Independent  of  such  a  representation.   For,  if  ue 

change  this  representation  by  placing  in  front  of  U„  a 

unitary  operator  irhich  is  independent  of  s,  the  operator 

KU_,  is  not  changed  as  seen  from  (20).   The  quantities  v„ 
s  s 

are  not  changed  if  the  diagonal  representation  is  changed 
in  such  a  vjay  that  the  diagonal  terms  of  X  remain  zero. 
For,  such  a  change  could  be  effected  only  by  adding  con- 
stants to  the  exponents  E,     and  -r     occurring  in  (22)  •  As 

s       s 

± 
seen  from  {2U-)    the  expression  v  vjould  then  receive  only 

s 

factors  of  absolute  value  1,  Furthermore,  bhe  absolute 
value 

(21;)'  |vj  =  iv+1  =  !v;|. 

To  give  the  quantity  [v  |  a  simple  interpretation  v:e  may 
imagine  that  the  original  representation  vjas  so  chosen  that 
the  Hamiltonian  v;as  diagonal  for  s  =  0,   Then  (j)  =  0,   Choos- 
ing further  §  =  0,  ivhich  ne   may  do,  we  have  v"  =  '\/'„^»     VJe 
therefore  feel  justified  in  saying  that  Iv  |  is  the  angular 
speed  with  nhich  the  principal  axes  turn  at  the  time  at 
vfhich  the  two  eigenvalues  coalesce. 

For  the  pixrpose  of  asymptotic  expansion  we  introduce 
the  integrated  eigenvalues 


3 

(26)  G3  =  ^  hjdo- , 
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and  form  the  diagonal  matrices 


(27)  0 

s 


and 

''exp{-lt9g|       0 

0       exp 
According  to  the  theory  of  Horn 


(28)  exp  [-ir0s|    = 


i-««;| 


(29)  *3  =  Ws^s    exp|-rt0^| 

In  x-Jhich  the   matrix   X      possesses   an  as:,Tiiptotic   power   series 


expansion 


(30) 


As  this  vras  done  in  Section  8  one  could  write  dorm  the 


differential  equations  to  be  satisfied  by  the  X   and  show 
that  they  can  be  solved  successively.   For  the  present  pur- 
pose, hovjever.  It  is  more  appropriate  to  write  doxin  the 
equations  to  be  satisfied  by  the  individual  components, 

lie  first  introduce  the  columns  composing  the  matrices 
^   and  X . 

(31)  ^  =  ^,  ^  ,     =  X,  X 

and  their  components 

+   -f   +     ±    ±   ± 

(32)  ^  =  ^^,    ^"2,   X  =  ^1,-2  ' 


12. 


so   that  vje  may  urlte 


Here,    and   frequently   in   the    followinfr,   we   omit   the   sub- 
script  s.      Relation    (29)    can  noi-T  be  irrltten  in   the    form 

{3k)  *  =  W>:     exp  J -19    L 


Prom  (12)  vje   then  obtain  the  equations 

+      +      + 

(35)-         i  Vs^l  =   ThX^+lv-^X^, 

for  the  components  of  X  using  the  abbreviations 

(36)  h  =  h"^-  h" 

and  the  pair  of  complex  conjugate  nui'.ibers  v~  defined  by  (211.)  . 

We  novj  insert  the  formal  exp.ansion  (30).  ^/e  first 
find  that  the  leading  term  'X}       is  to  satisfy  the  condition 

i'°>=x'°'=  0. 
2       1 


As    solution  vie  naturally   choose 
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(36) 


X''^'   -1 


I.e., 


/ 


■'+  (o) 
^^1 


V 


^(o) 


For  the  terms  of  next  order  vie   find  first 

+ 


(37) 


and  then 


i<^'  =  ill       x'^'   =  1^ 

'^2       h  '    2       n 


(3G) 


+ 


>(i)  - 


=  -« 


ds 


v(i) 


-^[ 


h 


ds 


Here  vre  have  used  the   abbrevie^tion 


v|2  =   v+v- 


which  is  juctified  since  v   and  v   are  complex  conjugate  by 
(21^.),  cf.  {2k)\ 

Formula  (38)  involves  only  a  simple  integration  because 
the  matrix  \J   vjas  so  chosen  that  K  =  SJ  had  no  diagonal  terras, 
cf,  (23).  Using  relations  (36)  to  (38)  we  may  write  the 
matrix X  in  2nd  approximation  as 


(39)  >3  ^{^s.'^sl 


i^-l 


d<r 


-J 

th. 


IV. 


trh. 


1  + 


h. 


do^/ 


o 


Ik. 


Since  by  (36),  (15),  and  (16),  the  function  h  vanishes 
at  3  =  o  the  diagonal  tei'ms  of  the  asymptotic  appro:: iraat ion 
to  TC  have  a  logarithmic  singularity  at  s=0,  although  any 
solution  70,  itself  is  regular  there. 

The  theory  of  asymptotic  expansion  of  solutions  of 
ordinary  differential  equations  enables  us  to  assert  the 
existence  of  solutions  which  possess  asymptote c  expansions 
are  valid  in  certain  regions  to  be  described.   These  regions 
are  separated  by  the  arcs  issuing  from  the  turning  point  along 
vThich 


(ko) 


Im  ©„  =  0, 


vrnere 


(^1) 


9  =  ©  -  8". 
s    s   s* 


The  arcs  vrill  be  called  "transition  lines".   Since  the 

±      ± 
eigenvalues  h  =   Q     are  real,  the  tx^o  rays  of  the  real 

axis  are  such  transition  lines.   Since  9  vanishes  at  s  =  0  of 

s 

second  order,  there  is  another  pair  of  transition  lines,  tan- 
gential to  the  imaginary  ajcis, 

(s) 


Regions  bounded  by  transition  lines  in  the  s-plane 


w 


A 


15. 


The  four  transition  lines  divide  a  neighborhood  of  the  seg- 

+      + 
nent  a  <  s  <  b  into  four  open  regions,  denoted  by  a"  and  b" 

as  indicated  in  the  figure.   Clearly  Im  0„  has  thu  same  sign 

in  opposite  regions.   To  fix  the  ideas  we  assume 

(il2)  Ira  ©g  >  0  in  b"  and  a", 

<  0  in  b  and  a  . 

Consequently, 

exp  {itQgl  exp  i-irg^^  =  exp  J  i'^Qsl'  — *>  0  in  b"  and  a", 

exp  ji't9g|  exp  j-i^egl  =  exp  ( -itOg?  — *>  0  in  b"^  and  a^', 

+ 
VJlth  reference  to  the  functions  ^„,    described  by  (3^), 

+ 
we  accordingly  say  that  a  function  ^     dominates  a  function  \J; 


in  the  regions  b"  and  a  ,  while  a  function  ^     dominates  a 

+  +     + 

function  \I/_  in  the  regions  b  and  a  ,  VJe  shall  also  say  that 
a  function  i'     is  "recessive"  in  regions  b"  and  a"  vjhile  a 

+  +    + 

function  ^     is  recessive  in  regions  b  and  a  , 
s 

Now,  according  to  the  general  theory,  there  does  exist 
to  each  of  the  four  sectors  a  solution  which  possesses  an 
asymptotic  expansion  of  one  of  the  tvjo  types  given  by  (3^1-), 
in  three  adjacent  sectors,  the  types  being  such  that  the 
solution  is  recessive  in  the  inner  sector  and  "dominant"  in 

the  two  outer  sectors,  hJe   denote  there  four  "standard" 

+    -    +    - 
solutions  by  \];    ^  »  i^  >  H^r,>  so  that  they  are  recessive 

in  the  four  sectors  a"*",  a",  b"*"  and  b"  respectively,  V/e  may 

choose  these  solutions  such  that  the  asymptotic  expansion  of 


16. 

+     + 

the  corresponding  columns  ^X^,  ^^-^^    ^-^^   given  by  (39)  when 

the  lower  Unit  of  integration  in  the  diagonal  terras  is  taken 
i  i 

s^  =  a  for  ^Xg  and  s^  =  b  for  ^X^. 


The  problem  of  continuation  nov;  is  the  problem  of  find- 
ing an  asymptotic  description  of  each  of  the  standard  solutions 
in  the  respective  "fourth"  or  "external"  sector— including  the 
"stokes  lines",  i.e.,  the  tuo  transition  lines  boiinding  this 
sector.   In  fact,  for  our  present  purpose  it  vjould  be  suffi- 
cient to  give  an  asymptotic  description  of  each  of  these  solu- 
tions on  each  of  its  3tokes  lines. 

In  order  to  effect  this  continuation  one  need  only  ex- 
press the  solution  as  a  linear  combination  of  tv;o  other  stand- 
ard solutions.   The  knovjn  asymptotic  expansion  of  these  solu- 
tions then  yields  the  asymptotic  expansion  of  the  first  solu- 
tion in  its  external  sector  and  on  its  Stokes  lines, 

± 

In  particular,  v;e  may  take  the  two  solutions  \!/  and 

± 

express  them  in  terms  of  the  solutions  ,  \[/  with  the  aid  of 

±    ± 
four  coefficients  p^  =  p^Ct)  . 


a^s  =  K   b^"s  -^  p1  b*s' 

ihk) 

a^s  =  K   b^s  +  pI  b^s  • 


17. 


+     -  +     - 

Introducing   the   matrices   ^\|/  =  ^^'a*^   '   b   ~  b'^'l;^ 


and  the   niatrlK  /  + 


p+      p+ 


\  + 

\P-   p. 

we  may  urlte  relations  {l\i\.)    in  the  form 
(14-6)  J   =  ^n. 

In  order  to  determine  the  matrix  P  it  is  sufficient  to 
determine  the  quotient  of  the  matrices  \]/     and  ,  i]/   at  any 

^  S        OS 

suitable  point  s.   It  is  natural  to  choose  the  turning  point 
a  =  0  itself  for  this  purpose. 

Note   that  at  the   origin  \|/,    agrees  with  VJ    , 

^O      0   0* 

since  the  exponent  9  vanishes  for  s  =  o.  Hence  we  may  deter- 


mine  the  matrix  P  from  the  relation 

b-^o  a'^o 


(^^7)  p  =  u:\x.. 


The  function  ^^     is  given  by  its  behavior  at  the  point 

that  of    ^  ^ 

s  =  a  and  .the  function  .^„   is  given  by  its  behavior  at  the 
A  .  b  s 

point  s  =  b.   Before  ve  can  determine  the  matrix  P  from  (I|.7) 

we  mu.st  determine  the  matrices   \lf   and  ,  \1/   at  the  point  s  =  o, 

a/s     b^s 

Ue  may  be  satisfied  irith  determining  an  asymptotic  expansion 
of  the  matrix  P.  Accordingly,  it  is  sufficient  to  determine 
the  asymptotic  expansion  of  the  matrices   ij;  =f«^o,  o^o\^^^ 


)^s  ~'b^s»  b^sl^'*'  *^®  turning  point  s  =  0. 

V     y 


a'^s   la'^s'  a^s 


c    '  ■'   r* •;''.':•'=   '■:■  s 


18. 


The  problem  of  deteurining  the  asymptotic  expansions  of 
the  standard  solutions  y^      and  ,  \1/   at  the  turning  points  vrlll 

3,  S        OS 

be  referred  to  as  the  "connection"  problem, 

± 
Note  that  the  kno^rn  asymptotic  expansions  of  „\{f_,  and 

± 

^,\l/   are  not  valid  at  s  =  0.   In  fact,  some  of  the  terms  of 
D^s  ' 

these  expansions  are  singular  at  s  =  0.   As  seen  from  (38) 
the  terms  X^   and  Xp   have  a  logarithiaic  singularity  at  s  =  0. 

VJe  shall  describe  a  method'"'  of  handling  the  connection 
problem  x/hich  seems  to  be  particularly  suitable  if  one  is 
satisfied  xjith  determining  only  a  few  terms  in  the  asymptotic 
expansion  of  \1;   and  xJ^^;    in  fact,  vie   shall  be  satisfied  with 
only  two  terms . 

The  method,  vrhich  v;e  shall  describe,  will  be  referred 
to  as  the  method  of  "stretching".   In  fact,  the  earlier 
treatments  of  the  turning  point  problem  employed  more  or 
less  this  method, 

V/e  shall  introduce  a  new  independent  variable;  instead 
of  the  variable  s,  viz.,  the  variable 


(i^8)  a  =  [t©  J 


1/2 


s 


Here  ©  \jas  given  by  ([[.l)  and  (26),   For  simplicity  we  shall 
assume 

(1^9)  Vs^g     >     0, 


A  different  method,  analogous  to  Langer's  method  of  treat- 
ing the  turning  point  problem  of  an  equation  of  the  form 
t-»^  =:  q  c*j  will  be  described  elsexrhere. 


19. 


without  restriction,  so  that  9     >  0. 

The  quantities  X-j^   and  X^^   uill  now  be  considered  a  func- 
tion of  a.   In  vievj  of 

2ada  =  "»-'h  ds. 


(50)  + 


(50)' 


iV,)^i=  -ir^vx^, 


±  ± 

in  vjhich  X     =  A    (P,t)    stands   for 

(51)         X-  =  2Qi/2v;/h3. 

Note  that  the  right  raember  here  approaches  a  finite  value 

+ 
Aq  as  s-*>0.  For,  by  (36),  (15),  (l6),  (26),  (i+l),  we  have 

\  =  ^v's^o  +  •••'  ^s  =  I  ^^^s^o  +  ':;'•? 

where  Voh-,  =  (Voh-)^"*^,  ^nd   hence 


so    '  ^  S  S' 


A-  =  (2A7„hjV2  ±. 


20. 


It  is  furthermore  seen  that  the  functions  A  (a,f)  are 
regular  in  f"  '   at  t  =  oo  ,   Conseq.uently,  each  of  the  pair 

of  (50)  possesses  a  two  pararaetric  set  of  independent  solu- 

-1/2 
tions  which  are  regular  in  t  '  .   The  standard  solutions 

+      + 

\|(  and  ,  \|;,  vJhen  considered  functions  of  a  and  t,  will  be 

among  these  solutions  of  equations  (5o),  except  for  a  factor 

which  vjill  depend  on  t   and  v;ill  not  be  regular  in  t"  '   at 

"^  =  CX3  .   In  other  vjords,  we  expect  that  the  solutions  X  =  *)C 

or  -^  =  -X  are  of  the  form 

±    o. 


(53)  X=  lit)     X.{a,T) 


o  ± 
in  which  the  functions   X(a.,'t)  are  solutions  of  equations 

(50)  which  possess  convergent  expansions  of  the  forms 

±   ± 

The  problem  novr  is  to  identify  the  standard  solutions   vj;,  ,  ijf 
vjith  appropriate  solutions  of  equations  (50)  . 

Before  explaining  how  this  is  to  be  done  we  make  the 
following  observation.   As  seen  from  (itS)  ,  point  a  corresponds 
to  a  point  s  vjhich  depends  on  t  and  approaches  s  =  0  as 
t  — >OD,  Vice  versa,  a  point  s  corresponds  to  a  point  a  vrhich 
depends  on   ,  and  approaches  a  =  oo  as  t  — >  cd  .  Therefore, 
it  may  be  expected  that  the  asymptotic  behaviors  of  the 
solutions  X  when  considered  as  functions  of  (a,t)  and  (s,f) 
are  connected  only  inasmuch  as  the  latter  behavior  as  s  — — >  0 
vjhould  match  the  former  behavior  as  a  — >  oo  . 


21. 


More  specifically,  suppose  one  re-introduces  the  variable 
s  in  the  terms  Xiii]  occurring  in  the  series  (53)  and  develops 
the  resulting  function  X(^/9y)  asyraptotically  vilth  respect 
to  •  Suppose  that  one  further  develops  the  coefficient  c(t-) 
occurring  in  (53)  asymptotically  in  ^<,  Then  the  terms  result- 
ing from  the  series  (53)  v;hich  are  nov;  multiplied  by  the  same 

poHer  of  t  should  add  up  to  the  term  in  the  asymptotic  expan- 

± 
sion  of  the  function  X  considered  a  function  of  s, 

-  (    ) 
Before  computing  the  terms  °X  ^  occurring  in  the  series 

±       ± 
(Sh-)    we  describe  the  behavior  of  the  functions  X  and  ,X„ 

near  s  =  0.   From  (39),  (l5),  and  (l6)  v/e  have 


(55) 


+ 
X. 


+ 


-I 


1 


■  +  - 
o  o 


V. 


^  s  o 


log  s+k 


'^1 


•X. 


1 

rs 


1-1 


^  s  o 

+  - 

V  V 

o  o 


log  s  +  k 


the  constant  k  depending  on  vjhether  the  front  subscript  is 
a  or  b. 

Introducing  a  instead  of  s  as  independent  variable  vre 
find  from  {S5)    the  expressions 


■;fi/. ' 


S'' 


Z2. 


(56)  + 


X    -1-i 

1     %^o 
^  s   o 

log  t    +  g(a) 


C  2iX^ 


:i7^ 


a 


(56) 


^2        ^"^f 


,+  ^,- 


V    '    V~  1 

-Qr-e-  logt-    +   g(a) 
.      so  J 


vjlth  an   appropriate  function  g(a), 

V.'ithout  proof  we   anticipate   that  the  terms    of  higher 
order   in  the    expansion  of  ^       vjhich  begins  vjith  the    term   (39), 


•1/2 


and  a 


-1 


does  not  contribute  terms  of  lower  order  in  t 

than  those  shov/n  in  (56)  . 

o± 

VJe  proceed  to  compute  the  terms  ')(,   occurring  in  the 

series  {Sh)  •     -^s  seen  from  (50)"^  the  function  X^°'  is  a 

solution  of  the  equation 

^  o'*'(o) 
1  V,  Xl  ^  =  0 


hence  of  the  form 

Ov(o) 
1 


=  J 


ot(o)   -t 


1' 


X 


=  Jo  exp 


\..% 


We  now  determine  the  constants  y-i  and  Yp  such  that  these 
functions  agree  i;ith  the  functions  (56)   when  a  approaches 


infinity  in  the  sectors  in  which  the  asymptotic  expansion  (39) 


r..  »    ^  X' 


(/'& 


>o 


23. 


± 

of  X   l3  valid, 

+       +  2 

In  the  sectors  a   and  b  ,  where  Im  a  =  tr  Im  @  <  0  by 

{k2) ,   we  have  exp  { la  (  — &>  oo  as  a  — >  od  ,   Therefore  vie   should 

+  + 

get  Yp  =  0»  V/ithout  restriction  we  may  get  Yt  =  1» 

Similarly  we  should  set  Yt  =  0  and  may  set  Yo  ~  ^»    i«e»» 


(57)  ^ 


o..(o) 
(a) 


0 


.0 


Having  done  so,  we  should  set 

± 
(58)  c(oo)  =  1 

so  that  the  term  of  lowest  order  in  {S3),    iSh-)    agrees  with 
the  tenn  of  lowest  order  in  (56), 

The  term  of  next  order  in  the  expansion  (5^1-)   is  a  solu- 
tion of  the  equation 

^  a   1       o       d. 

o+(l)     0-^(1)      -o+(o)     _ 

o  +  (l)  + 

Hence   ^-i    is  constant.   Since  A.^  -  l  vanishes  of  higher  order 


than 


t'"  '   as  t  — ->  CO  ,  as  seen  from  (56)  ,  vre    should  set  this 


constant  equal  to  zero,  i»e,, 

(59)1  °^i"  =  °- 


k  '  X 


I 


21+. 


Except  for  an  additive  multiple  of  exp  Tia  i,   which  vjill 

o+(l) 

be    seen    to   be    zero,    the    function     -*-„       is    found   to  be 

(59)^  "ig""^    =  K      I     exp|ia2-ip2|dp. 

1/  oo 

Here  -u  is  a  unit  vector  bisecting  the  quadrant  which  cor- 
responds to  the  sector  a   or  b  ,   Thus,  if  the  function  in 

\+     + 
question  is  x  or  ^   respectively,  we  have 

(eo)"*"      ^■*"  =  -exp  j-i7iA},  ^'^   =  exp|-i7tA|. 

IJith  these  values  of  V   the  integral  can  be  carried  out  along 

+       + 
a  ray  in  the  direction  of  -1/    f rom  Ir  oo,i,e,,  from  co  in  the 

direction  of  Ir  ,    to  a  for  every  point  in  the  region  formed  by 

the  three  quadrants  and  the  included  transition  rays.   By 

integration  by  parts  one  finds 

o^  U)  ^  2iAQ  a"-^   for  a  -  oo 

provided  a  lies  in  the  region  just  mentioned. 

Prom  this  result  combined  with  (58)  ^^e  obtain  for  the 

^/         + 
function  for  the  function  K.p    =    c(f)Xp  in  the  lowest  order 


the  approximation 


+      -1/2  -  -1 


in  agreement  with  {S^)p»      This  agreement  shows  that  vje  were 
justified  in  omitting  a  constant  of  integration  from  formula 

(57). 

In  a  similar  fashion  we  find 


■  r 


i- 


25. 


(59) 


0.(1) 


4        =-^0      I     ^^P    iip2-la2|dp, 


V  00 


"ii"'   -   O; 


With 


(60)"      ^7r~  =  -  exp  ^iTiAJ-,  ^ir"  =  exp  jxTz/k]   . 

Since  the  series  (Bh)    involves  only  povrers  of  t"  '  , 

the  terms  in  (56)  involving  log  t  can  be  matched  only  by 

± 
terms  resulting  from  an  expansion  of  the  factor  c(tr)« 

Specifically,  we  find 

(61)  c  =  1 ;  -=—-■  t'^  log  t, 

as  improvement  of  relation  (57) • 

V/e  are  nou  in  the  position  to  determine  the  asymptotic 

+ 

expansion  of  the  standard  functions  X.,  at  the  turning  point 

s  =  0.  VJe  first  note  down  the  relation 

o 

(62)        J   exp  I  +  ip^j  dp  =  -  ^  Tt-'-Z^v"  . 
+ 


By  (53),  the  value  of  the  matrix  X,  cf,  (33),  is  given 


by 


(63)  X[^^    =    X(a,t)C(t) 


s 


with 


.f  i 


■)< 


26. 


+  o. 


(61+)     °X(a,t-)  = 


and 


°>r^(a,t-)       ^^{a,^) 


+  o^ 


°X^ia,^)  X2(a,f), 


(65)  C(tr)  =  I 

\  0       c(t)/  . 

o 

From  (57)  and  (59)  we  infer  that  X(a-)  for  a  =  0  is  approxi- 
mately given  by 

(66)  X(o)  ~ 

+ 
vihile   c(t)    is   given  by    (61). 

Prom  relation  (b-7)  we  therefore  may  determine  the 

transition  matrix  P  as 


P  =  C"^  a^(o)"^  ^-^(o) 


1         i  (V^)^/^a:(^i/-  V)^ 


or,    since   C   =  1   in  lovjest   order,    by 

/  1  (Tt^)^/^Ao  exp|iV^p 

(66)      P~  I 

y-(7r/t)^/^Xo  exp[-i7tA|  1 


r:r)C 


\^ 


i\.■^  ) 


27. 


Thus  the  transition  r.iatrlx  is  determined  in  first  or 
second  order, 

VJe  are  novj  ready  to  describe  asymptotically  the  Schrbd- 
inger  operator 

^b  =  *b  ^;^  ' 
cf,  (ll|.),  ,  As  matrices  ^     ue    chose   \|/   so  that 
Tr^  is  expressed  as 

Tv  =  ^fu   ^l'""'"  ; 
a  b   a^b  a^a  * 

using   (i;6)   vre  may  vrrite 

(67)  a^b  =  b^Pa^a'^. 

Nov;  we  make  use   of    (29)    and  write 

(66)        a^b  =  ^-'^b  b^b  «^P  {  -  i^0bl  P  ^^P  {  i"^  ©a]  a^l'  K^    • 

From  the  asymptotic  description  (39)  of  ^„   and  ^g, 
with  s^  =  a  and  s^  =  b  respectively,  we  infer  that  the  matrices 
a^a  ^^^  t?^b  "^iff®^  from  the  identity  by  terms  of  the  order 


(f"  ) •   Since  the  terms  of  second  order  in  P  are  of  order 
it'  '     '    vie   replace  ^^   and  ^^  by  1  in  formula  (68),   By 
(66)  and  (28)  the  result  is 

/expji^(9+-@J)  (Vt)^^^Aj  exp|ir(9;-  Q+)+i7iA}\ 

(69)  vwj  vj; 

\^-{m)^^\  exp[if(9^-©^)-iV^  exp   it(Q;-©J)|y      . 

The   term  of  lowest   order, 
( 70 )  T^-  W^  exp  {  i  t: (  ©^  -  ©^ )|  I j;^ 


-1 
a 


^5s 


0 


'  I- 


■■I  I  ■  1 


n--- 


■'■■  '"■'■   -j  '^> 


J 


28. 


yields  the  adiabntic  theorem  in  accordance  -"ith  the  explana- 
tions given  in  Section  3»   In  fact,  in  terms  of  the  columns 

the  eigen-states  of  the  initial  Hainiltonian  H  are  given  by 

± 
multiples  of  H^^j  ;  those  of  the  end  Hamiltonians  by  multiples 

±  + 

of  V.f^j  ,   The  state  T^^VJg^j"*  into  which  the  initial  eigen-state 

V:  j   goes  over  during  the  process  considered  is  given  by  (70) 
as 

(72)         T^W^r  =  exp  |if(9^-9j)|v 

and   is   thus   seen  to   be    an   eigen-state   of   the   end  Hamiltonlan. 

If  the  improved  formula  (69)  is  used  one  finds  that  the 

± 
initial  eigen-state  VJ  i   goes  over  into  the  state 

(72)  W*  =  exp{i^-(9^.9^)}w^^ 

+  (Vt-)^/^  xj  exp|it-(e^-9^)  ;  iTcAJw^j'^. 

According  to  the  principles  of  quantura  theory,  the 
absolute  square  of  the  coefficient  of  W,  j"*"  gives  the  probabil- 
ity that  the  eigen-state  VJ,  j  «   It  is  seen  that  this  probabil- 
is  independent  of  whether  xje  begin  v;ith  W  j   or  uith  U  j~, 
lie  are  therefore,  justified  in  referring  to  this  probability 
as  the  probability  of  non-adiabatic  transition.   Thus  v/e  have 

(73)  ^rnon-ad  =  ^'^''l^l^ 
or,  by  (52) 


.;    •   '■  i  ■■■ 


29. 


Vie  recall  that  h  =  h„  -h„  is  the  difference  of  the  tv;o  eigen- 

s    s    s  ° 

values  of  the  Hamiltonian.   The  raeaning  of  the  term 

I  ^o  I  ~  I^'^qI'^I^oI  """^  given  by  (2l(.)  .   As  was  explained  in  con- 
nection with  formula  (21+)   the  expression  v  may  be  inter- 
preted as  the  angular  velocity 

(76)  |vj  =  IV340I 

of   the   rotation  of   the   principal   axis    at  the    time    t   =   0  vjhen 

the   tvjo   eigenvalues   of  H„    coalesce, 

s 

In  terms  of  the  time  t  =  s  as  independent  variable  in- 
stead of  s,  formula  (7I4-)  no\/  reads 

(77)  P-'non-ac.  =  j^j  IV^IJ^  . 

Here  we  mean  by  Vx^f^  the  value  of  \/^f{t)    for  t  =  0. 

It  is  interesting  to  note  that  the  probability  that  the 
process  is  nonadiabatic  depends  on  the  rate  of  change  of  the 


eigenvalues  of  the  Horai 

Itonian  at  the  angular 

velocity 

of  the 

rotating  principal  axes 

only  at  the 

time  when 

the  tvjo 

eigen- 

values 

coalesce 

and  tha 

t  it  becomes 

large  ^.rhen  the  two 

eigen- 

values 

approach 

each  ot 

her  slowly  while  the  principal 

axes 

rotate  rapidly. 
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